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A NEW UPPER BOUND FOR THE LIST CHROMATIC 
NUM!BER 
B. BOLLOBAS and H.R. HIND’f 
Dept. qf Pure Mathematics, Univ. of Cambridge, 16 Mill Lane, Cambridge, V. K. CB2 1SB 
For large values of A, it is shown that all A-regular finite simple graphs possess a non-trivial 
vertex Ipartition. This is then used to show that for finite simple graphs cf maximal degree 
A(G) = A, the list chromatic number is bou.nded by x;(G) c 7A/4 + o(A). 
Given a graph G and for each edge of G a set (list) of colours, we call an 
assignment of a single colour to each edge of G a list coburing if the colour 
assigned to an edge is in the list of colours associated with that edge and no two 
adjacent edges are assigned the same colour. FThe ltit c~2m92atic number of the 
graph G, $(G), is defined to be the minimal positive integer such that if for each 
edge of G, the list of colours associated with that edge has size at least x;(G), 
then there exists a list colouring for G for any choice of lists. 
The Eist colouring conjecture, which has been attributed to various sources, 
states x;(G) s x’(G). Little progress has been made towards establishing this 
conjecture, even for special classes of graphs. Bollobas and Harris [2] have shown 
that for graphs with maximal degree A(G) = A, x;(G)< 114/6+0(A) and 
Chetwynd and Hgggkvist [3] have shown that for triangle free graphs X;(G) s 
9A/S. In this paper we combine the approaches used in the above two papers and 
the existence of a specific partition for regular graphs to obtain an improved 
upper bound for the list chromatic number. The term graph will be used to mean 
a finite simple graph. 
Before proving the intended result, we need a few definitions. Given a graph 
G, let A: E(G)+ P(N) be an arbitrary function. Then we define a A-colouring of 
graph G to be a function $ such that 
t#cE(G)-*N 
where 
He) E 49 Ve E E(G), 
and 
#(e) # @(e’) if edges e and e’ are adjacent. 
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The more general name list colouring is applied to such a colouring where the 
function A is not specifically mentioned. The function A can be thought of as 
assigning a list of acceptable colours, A(e), for the edge e. We refer to the 
function A as the list function for the graph. For a more detailed discussion of list 
colourings, see [2]. 
For simplicity we let A, denote a function 
A/ : E(G)+ N’? 
For a given list function, A, we define a partial list colouring of G to be a 
function, $J say, which has an associated edge of G, e* say, such that 
V/J :E(G)\{e*} + N 
where 
v(e) E n(e) Ve E E(G)\(e*}, 
and 
v(e) + v(e’) if edges e and e’ are adjacent. 
If we think of the function + as a colouring of the edges of the graph G, then 11 is 
a colouring of all but one of the edges of G. 
Let E(v) be the set of edges incident to vertex TV and for a partial list colouring 
11, with associated edge e*, define 
where 
9(v) = {v(e) : e E E(v)\{e*}}. 
The definitions given below were first given in [3], but are restated here for 
convenience. Let G be a graph with list function A and a 
Let the associated edge for q be e*. ,A,n edge uv (where 
floppy edge if 
partia! list colouring ly. 
uv # e*) is said to be a 
IA( lJ 3(v))l~ 1 
i.e. if there exists a partial list colouring, q~* say, with the same associated 
uncoloured edge, e*, as V/J, such that 
v*(e) = v(e) Ve#uv or e* 
and 
We call the colour I* an escape colour for edge uv. Later, with slight 
abuse of notation, we refer to the escape colour of a floppy edge; here having 
assigned a partial list colouring to the graph under consideration, we chose one 
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(of the one or more) escape colours and assign this tied colour as the escape 
colour of the edge. 
By considering partitions of A-regular graphs, we obtain an upper bound on 
the !ist chromatic number. We recall the Erdos-Lovasz Theorem 
page 22). 
Theorem 1. Let A 1, AZ, . . a , A,,, be events with dependence graph F. 
maximal degree A 3 3 and 
p(A 
i 
) < tA - ‘jA-’ 
AA 
then 
P fiq >o. 
( ) j=l 
(see PI, 
IfFhas 
cl 
We use this theorem to show that A-regular graphs are vertex partitionable 
with vertex disjoint classes VI s V2, . . . , V, such that for x E K there are non-trivial 
upper and lower bounds on the cardinal@ of r(x) (I y (denoted by dvj(x)) for 
all i # i. 
As is customary, we let S,, be the sum of n independent Bernoulli random 
variables, with value one or zero, where each Bernoulli random variable has 
value one with probability p. Then we see 
P(S,,# = k) = ($I(1 -&I)“-“. 
De&&ion. For a given A and r, we call a set of ordered pairs D = 
{(au, Aq)l<i,jsr,i+j} a (A, 0)acceptable set if 
(i) OS6gSAijSAfor l<i,jsrandi#j, and 
(ii) there exists a set P = (pl, . . . , pr} (called the set of probabilities) with 
OCpi < 1, Ci=lpi = 1, such that 
i 2 
2 A2 
pi(p(sA,pi < hj) + p(sA,pi ’ Aij)) s 
(A 1 
i=l j=l,j#i (A2 + 1)A2+1 . 
The theorem below follows from Theorem 1. 
mmrem 2. Let D = {(a,, Aij)lsi,j<r,i+j} be a (A, 0)-acceptable set. Then every 
A-regular graph has a partition, V(G) = UICr & with V;: n 5 = fl if i + j and every 
vertex in xq is adjacent o at least 6ij and at most Aij vertices in 5. 
PM&, Let G be a A-regular graph and D - ((a,, Aij)lsi,j<r,i+j} be a (A, O)- 
acceptable set. Let P = {pI, . . . , pr} be the associated set of probabilities for 0. 
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Take a random partition of the vertex set V(G) into disjoint classes V’, . . . , Cc, 
by putting a vertex into class & with probability pi. 
Let A, be the event that the condition of the theorem is violated fcr vertex X, 
i.e. there exist i, j (i #j) such that 
x E 6 and d,,.(x) C 6ii or dv,(x) > A,. 
We note that event A, is independent of the system {A,, : d&x, y) 2 3}, that is to 
say the set of events A, such that x and y are not adjacent and have no common 
neighbours. The event A, is thus independent of the system of all events 
Vy :Y CE V(G)) fr om which at most A2 + 1 events have been omitted. 
From the choice of event A, we get 
P(A,) = i i pi(P(Sd,pj < 6,) + P(S*p,’ Aq)), 
i=l j=l.j#i 
but D is a (A, 0)-acceptable set 
the definition, 
with set of probabilities P, so by condition (ii) of 
2 A* (A ) 
p(A,)c(A2+ qA*+l' 
It now follows from the Erdiis-LovBsz Theorem that 
P nA, >o. 
( ) 
cl 
Definition. For a given A and r, we call a set of ordered pairs 5) = 
{(6ii, Aij)lsi,j<r,i+j} a (A, A/2)-acceptable set if 
(i) Os6,,Sd,,SAfor lS& jSrandi#j, and 
(ii) there exists a set P = (pl, . . l , pr} (called the set of probabilities) with 
O<pi<l, CI=ipi=l, such that 
2 i pi(p(sA,pi< ~ij)+P(s~,p~'A~) + (1 -PjJN2) s 
2 A* (A 1 
i=l j=l,j#i (A2 + l)A2+’ - 
Using a similar proof to that for Theorem 2, we get 
Corollary 3. Let D = { (6ij, Aij)lsi,jsr,i+i} be a (A, A/2)-acceptable set and G be a 
A-regular graph. For each vertex x E V(G) let U(x) be a set of at least A/2 
neighbours of x. Then there exists a partition of the vertex set V(G) such that 
V(G) = UI_1 V;: with V;: n I$ = fl f or i #j and for every vertex x E Vi there are at 
least 5, and at most A, vertices adjacent o x in 5. Also at least one vertex in U(x) 
is in I$ for each j E (1, 2, . . . , r)\(i). 
Preo% The proof follows that of Theorem 3, but with a new event Ai defined to 
include the possibility for x E I+$ there is a I$ containing no vertex in L/(x). cl 
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In applying Corollary 3, we need a technical lemma. 
Lemma 4. FQ~ A sufficiently large and r = 2, the set D = ((1,100 log A); (1, A)} is 
a (A, A/2)-acceptable set. 
Proof. Condition (i) of the definition of (A, A/2)-acceptability is clearly satisfied 
by the set D. Let P, the associated set of probabilities for D, be chosen to be the 
set P = {A - 8 log A/A, 8 log A/A}. 
We now seek to establish the inequality 
E i pi(P(SA,, < 6ij) + P(SA,pj > A,) + (1 -pi)“‘) s (A2)A2 
i=l j=l.j#i (A2 + l)A2+1 l 
Consider the righthand side of the proposed inequality; for A 2 3, 
2 A* (A 1 1 
(A2 + qA*+l a 2. 
We have chosen p1 = 1 - 8 log A/A, p2 = 8 log A/A. Thus with S12 = 1, S21 = 1, 
A12= lOOlog A and A2i = A, all terms except P(S,,, > 100 log A), in the 
left-hand side of the proposed inequality are easily seen to be o(Ae3). An upper 
bound for P(Z&,* > 100 log A) is available (see [ 11, page 14)) namely 
0 
up2A 
p(s,,2 =wp2A)< i 
and with u = 12.5, it follows that 
100 log A 
p(sA.p2 >lOOlogA)c 
= A’()0 log (e/12.5) 
= o(A-~) 
Thus we have that 
i $ pi(p(sA,, < fiij) + P(Sd.pi > Av) + (1 -pj)N2) = o(Ae3) 
i=? j=l,j#i 
and 
So for sufficiently large A, the inequality has been established. 0 
Before turning to the main result of the paper, we make two preliminary 
observations. 
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Remark 1. In the proof beio w which produces a list colouring of a graph G, for a 
given list function A,, we may assume that a partial list colouring exists. 
Suppose G does not have a partial list colouring. Let El c E(G) be a 
maximally sized edge set such that for each edge e E El we can choose a colour, 
O(e) say, with O(e) E Al(e) such that O(e) # O(e’) if e and e’ are distinct adjacent 
edges contained in the set El. Thus G[E,] is the largest edge induced subgraph of 
G for which a &colsnring exists. Then choose an edge e’ E E(G)\& and define 
a new list function A; : E(G)+ P(N) such that A;(f) = A/(f) for allf E El U (e’}, 
and for e E E(G)\& U {e’}), the sets A;(e) are disjoint and do not intersect the 
set U~~T,U(~-) Ill(f)- 
Clearly G has a partial list colouring for the list function A;. Therefore if we 
show that a list colouring exists for G with list function A,‘, this implies that our 
choice of EI was not maximal. Thus without loss of generality we may suppose 
that G has a partial list colouring for list function A,. 
Remark 2. In the proof below when showing the existence of a list colouring 
a graph G, we may assume G is A-regular. 
for 
If G is not A-regular we may create a new A-regular graph G ’ where G c G’, 
by adding vertices and edges to the graph G. We define a new function Ai : E(G’)+ 
Nto such that A; IEtG’) = A, and for each e E E(G’j\E(G) we choose f-sets, A;(e), 
such that A;(e) n A/(e’) = $!i for all e’ E E(G’)\{e}. Then we obtain a A-regular 
graph G’ such that G is list colourable with list function Al iff G’ is list colourable 
with list function Ai. 
Theorem 5. If ii is sufficiently large, then for every graph G with maximum degree 
A(G) = A, we have 
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xi(G) s 4 + [25 log A]. 
Proof. Suppose G is a graph of maximal degree A, that I > 7A/4 + [25 log A] 
and A, : E(G)+ fV(O is an arbitrary function. We shall show that there exists a 
A+olouring for G. 
From the remarks above, we may assume G is A-regular and there exists a 
partial list colouring for G. We choose qO to be a partial list colouring with 
a maximal number of floppy edges. Let the associated uncoloured edge be 
denoted aobo. 
For each vertex x E V(G), let {y,, y2, . . . , y,(,,} be the set of those vertices y 
adjacent to the vertex x such that xy is not a floppy edge of the partial list 
colouring qO. If m(x) 2 A/2 define U(X) = {yl, y2, . . . , yrd/21} and if m(x) < A/2 
let U(X) = {y,, . . . p Ymd U {fm(xj+b l . l 9 qdc?& where +,)+I, . . . p +d21 are 
any other vertices adjacent to the vertex X. 
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For a set W c V(G) and a vertex X, let d,(x) be the number of neighbours of x 
in the set W. By Corollary 3 and Lemma 4 above, there exists a partition of V(G) 
into VI and V, such that for each x E VI, 
1 s d,(x) s 100 log A, and 
v,n u(x)z0, 
and for each x E V,, 
1 s d,(x) s A, and 
VI r-l U(x) # 0. 
We distinguish three cases depending on the location of the endvertices of the 
uncoloured edge a&,. 
Case (1). aQ E VI and b. E VI l 
We create a sequence of partial list colourings vO, VI, . . . and their associated 
uqcoloured edges aobo, albI, . . . . Having defined vi-1 and edge ai_lbi_1, choose 
vi and the associated uncoloured edge aibi such that 
(1) 
(2) 
(33 
(4) 
(5) 
(6) 
(7) 
I/Ii is a partial list colouring, 
ai = bi-1, 
biE%, 
vi(e) = vi-l(e) if e E E(G)\{ai- lbi-1 p aibi>, and vi(ai-1 bi-1) = qi-l(aibi), 
lyi(ai-lbi-l) $ Uj<i qj(Qi-*), 
vi(ai_ 13i_,) IS not the escape colour of a floppy edge incident to ai_1, and 
aibi + gjbj for any j < i. 
Condition (6) ensures that the number of floppy edges in vi is not less than that 
in vi-1 and since qO is chosen so that the number of floppy edges is maximal, 
equality must hold. Condition (7) implies that for 2 rkite graph the sequence of 
partial list colourings constructed in this way is finite, say it ends with vS. To 
simplify the notation let ab = a,b, be the associated uncoloured edge. Condition 
(7) also ensures that if a colour is not in &(v) but is in *i(V) for i > 0, then it is 
in +j(V) for all j 2 i. 
We note that since & has a maximal number of floppy edges, it is sufficient to 
show that either there is a list colouring of the graph G or there is a partial list 
colouring vi with more floppy edges than q O. Suppose neither case applies. 
Given G with a partial list colouring pi, if e is a floppy edge we let v:(e) 
denote the escape colour assigned to edge e. Then for the partial list colouring vi 
and a vertex v E V(G), let F(qi, v) be the set of colours assigned to floppy edges 
incident to vertex V, H(vi, V) be the set of escape colours assigned to floppy 
edges incident to V, K(qi, V) be the set of new colours used to colour edges 
incident to V, S(qi, V) be the set of colours always used to colour an edge 
incident to V, and R(qi, v) be the set of colours originally used to colour an edge 
incident to V, but which have since been removed. Finally let S’(I/Pi, V) be the set 
1vO 
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of colours used to colour one edge incident to vertex v in partial list colouring 
and a different edge incident to v in partial list colouring vi. More precisely, 
F(vi, V) = { ly,(UV): IA(UV)\($i(V) U *i(U))1 2 I}, 
H( vi, V) = { vf(UV) : IA(UV)\(gi(V) U $i(U))l 3 1) 
and 
K(lV,, u) = *i(v)\$O(V)9 
s(*is V) = Vdv) rr +VO(v)9 
R(Vi9 v, = *O(v)\$i(v), 
S’($Ji, V) = {?Pi(UV): Wi(UV) E $0(V) and qi(UV) $ $%-J(U)}. 
, 
1 
For simplicity the partial list colouring vi is omitted from the notation for the 
above sets where no ambiguity can arise. Further we let f(v) =f(qi, v) = 
(F(qi, v)I, h(v) =h(lyi, V) = IH(+Qi, v)I and So on. 
Since we cannot extend the sequence of partial list colourings beyond qs it 
follows that all the colours in A&b) must be in the union of 
(i) 90(a) or iI&) 
(ii) the set of colours assigned to edges aibj with j c s, which are incident to 
vertex b, 
(iii) the set of escape colours of floppy edges incident to vertex a, and 
(iv) the set of colours assigned to edges of the form bx where x E V2. 
Writing D(b) for this last set of colours and d(b) for its cardinality (from the 
choice of the partition, it follows that d(b) s 100 log A), it follows that 
A@) c (R(a) U s(a) U K(a)) U (K(b) U S’(i?)) U H(a) U D(b), 
Setting K’(b) = K(b) n A&b), we get 
A&b) G (R(a) U S(a) U K(a)) U (K’(b) US’(b)) U H(U) u D(b) 
= (R(a) U S(a) U K(u)) U S’(b) U H(a) U B(b) 
since K’(b) E (R(a) U S(u)) = $o(u): the edge ab would have been defined as a 
floppy edge if a colour in A,(ab) was not the colour of an edge incident to either 
vertex a or vertex b in the partial list colouring qo. We also note that 
ISV)l = IKWI = w since a colour is added to the set K(b) every time the 
vertex b occurs as the endvertex aj of an edge ajbj in the sequence of uncoloured 
edges and a colour already used to colour an edge incident to the vertex b is used 
to colour a new edge incident to vertex b (i.e. added to S’(b)) every time b occurs 
as the endvertex bj of such an edge ajbj. These events occur in pairs. Thus we get 
16 r(a) + s(a) -I- k(a) + k(b) + h(u) + d(b) (5-l) 
Clearly 
r(a) + s(a) 6 A, (5.2) 
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and each colour in AI must be assigned by & to a non-floppy edge incident to 
vertex a or vertex b, so 
f(a)-if(b)s24-1. 
Since the number of escape colours assigned to floppy edges incident to vertex a 
is at most the number of colours assigned to those floppy edges, a crude upper 
bound for h(a) is 
h(a) s 24 - 1. 63) 
It remains to obtain bounds for k(a) and k(b). 
With f(a) bounded above by 24 -I< A/2, our choice of partition for the 
graph G, ensures that there exists a non-floppy edge ac such that c E V2. At most 
A of the colours in &(ac) are in v,-,(c) and further qO(c) = I/.J~(c) so at least I - A 
colours in &(ac) must be in vo(a). Since these colours must also be in qj(a) for 
each 0 <j < s (or we obtain a new floppy edge ac), it follows that 
s(a)M-A, 
and (with a similar argument for vertex b) 
k(a)<264 
k(b) d 24 - 1. 
(5-4) 
Recalling that d(b) s 100 log A = o(A) and substituting the bounds (5.2), (5.3) 
and (5.4) into inequality (5.1) we get 
l<A+(2A-1)+(2A-l)+(2A-Z)+IOOlogA 
=7A-31+1OOlogA 
or 
1 
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<J+2510gA, 
which is a contradiction. Since q0 was chosen to be a partial list colouring for G 
with a maximal number of floppy edges, this contradiction shows that there is a 
&colouring of G for list function A,. 
Case 2. a0 E V’ and bO E V2. 
We choose an edge abbk such that aA = ao, 6; E VI and function 
I/J;: E(G)\{aAb,f,} + N 
such that &(e) = v,(e) for all e E E(G)\{a,b,, a;bh} and tj.#aobo) = tpo(aAbA) 
and such that lyh is a partial list colouring with at least as many floppy edges as 
for partial list colouring qo. This case then reduces to Case 1. 
We need only show that such an edge abb; exists. We define the sets F(w,, V) 
and H( qo, V) and the cardinalities f ( vo, v) and h( qo, v) as in Case 1. Suppose 
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such an edge aah does not exist, then 
A&&J c &(U u ir’(%~, U U D(ao) 
so 
ls A + h(%, b,) + d(4 
or 
h(v,, 6,) 2 1 - A -o(A). 
Since the number of floppy edges incident to vertex b. must be at least as large as 
the number of escape colour assigned to these edges, 
f(!Po, &I) 2 V - A - o(A))* 
Then for sufficiently large A, at most 2A- (I- A-o(A))= 3A- I-o(A)<Z 
non-doppy edges are incident to vertices a0 and bo, so the-z exists a colour in 
A&zobo) assigned to either only floppy edges inciden; to vertices a0 or bo, or not 
assigned to an edge incident to vertex a0 or vertex bo. This gives us an immediate 
list colouring for G. 
Case 3. a0 E V2 and b. E V2. 
Here we note that there exists a non-floppy edge from u E V2 to some v e V, 
for every u E V2 such that the number of fioppy edges incident to vertex u is at 
most A/2. 
We define a sequence of partial list colourings q,, VI, . . . and associated edges 
aobO, &, . . . 7 using the conditions listed below. Having lo,_* and ai_ Ibi-1 
define qi and aibi such that 
(0 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
lyi is a partial list colouring, 
ai = bi-1, 
*i(e) = *i-l(e) if e E E(G)\{ai_lbi_l, aibi}, and qi(ai-lbi_1) = vi-l(aibi), 
qi(ai-lbi-l) 6 Uj<i qj(ai-d, 
qi(ai-1 b,-1) is not the escape colour of a floppy edge incident to ai_ 1, 
aibi # ajbj for any j c i, and 
if possible, (without violating one of the above conditions) bi E VI. If this 
occurs we obtain Case 2, and proceed as in that case. 
We note that condition (6) ensures that the sequence of partial list colourings 
produced is finite, say ending in & with associated uncoloured edge arbr. Either 
condition (7) applies and we have obtained an uncoloured edge a,b, such that 
a, E Vz and 6, E V, in which case we proceed as in Case 2, or at no stage in 
defining the sequence of partial list colourings could we find an edge aibi such that 
bi E VI_ In this case an argument similar to that given in Case 1, but with the roles 
of VI and V, interchanged gives us the result that 
76 
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The 25 log A term which appears in the inequality in Case 1 does not arise in this 
case since condition (7) implies that each of the colours in the set D(b) is an 
escape colour of an edge incident to the vertex a, or is a colour assigned to be an 
edge incident to the vertex a, or is not in the set &(ab). This completes the 
proof. Cl 
It is possible to give a slightly improved value for the above upper bound for 
the list chromatic number (namely x;(G) s 12A/7 + o(A)). The improvement, 
however, is modest and has a proof which is more lengthy and does not add 
significantly to 
improved upper 
the proof techniques for bounding &. For this reason this 
bound is not included in this paper. 
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